Kreweras's Narayana Number Identity Has a Simple Dyck Path 

Interpretation 
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Abstract 



We show that an identity of Kreweras for the Narayana numbers counts Dyck 
paths with a given number of peaks by number of peak plateaus, where a peak 
plateau is a run of consecutive peaks that is immediately preceded by an upstep 
and followed by a downstep. 



Germain Kreweras [1, 2] proved that 
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Replacing r by r — 1, this identity can be rewritten as 



d . s=i 



N{n + r,r) = ^N{n,s)l '^ ^ ^\ (^) 



where N{n, k) := ^^(2) {jjl-^ is the Narayana number, well known to count Dyck n-paths 
containing k peaks [3, Ex. 6.36, p. 237]. A Dyck n-path is a path of n upsteps U and n 
downsteps D that never dips below the line joining its start and end points. A peak is 
an occurrence of UD. We will show that (*) counts Dyck [n + r)-paths with r peaks 
by number s of peak plateaus, where a peak plateau is a run of consecutive peaks that 
is preceded by an upstep and followed by a downstep, that is, a subpath of the form 
U{UDyD with i > 1. For example, the path illustrated below has 5 peaks but only 2 
peak plateaus (in blue, following upsteps 5 and 8 respectively). 



Dyck path with 2 peak plateaus 

Given a Dyck (n + r)-path with r peaks, delete all its peaks. The result is a Dyck n-path 
with s peaks where s is the number of peak plateaus in the original path. Each Dyck 



n- 



path with s peaks is hit ( "'^1~^) times: the preimages are found by inserting r — s UDs, 
repetition allowed, among the 2n + 1 vertices of the n-path — ( ^^^~^) choices — and then 
inserting a UD at each of the s original peak vertices, and (*) follows. 
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